Abstract In this paper we derive Fourier transforms for double sided Parisian option contracts. The double sided Parisian option contract is triggered by the stock price process spending some time above an upper level or below some lower level. The double sided Parisian knock-in call contract is the general type of Parisian contract from which all the one-sided contract types follow. We also discuss the Fourier inversion in the paper and conclude with a series of numerical examples, explaining the Parisian optionality and the way prices are affected by the local behavior of Brownian motion in detail.
Introduction
The Parisian option is a kind of a barrier option with the difference that the contract is not specified in terms of touching a barrier, but in terms of staying or below the barrier for a certain period of time. The interest in these options is motivated by the study of structured products and investment problems. Convertible bonds and problems in real options contain Parisian optionality; the Parisian option contract itself is not exchange traded. Details about the practical differences between standard barrier options and Parisian options are discussed in [8] , the first paper on Parisian options. The way Parisian options turn up in real option problems is treated in [12] . The authors in [8] derived Laplace transforms for the one-sided version, which is extended in [12] to a Parisian type of contract that is triggered by staying a period of time above the barrier or hitting a lever exceeding this barrier. Here we treat pricing of the double sided Parisian option and, like the papers previously mentioned, we use Fourier (or Laplace) transforms to achieve this. The calculation of Fourier transform instead of Laplace transforms is motivated by the fact that a lot of numerical Laplace inversion algorithms are using the complex continuation of Laplace transforms to Fourier transforms for the actual inversion, see e.g. [10] . As we want to conclude our paper by a section on numerical examples, we have to invert the Fourier transforms we will calculate. In [13] the authors treat a PDE method approach to solve the Parisian option pricing problem, but convergence turns out to be rather slow. A possible explanation for this is in the local behavior of Brownian motion and we try to illustrate this in our last numerical example.
The reason to treat double-sided Parisian options, apart from that there may be practical applications to this type of optionality, is that this contract type is rather general. After analysing the double-sided Parisian knock-in call contract, we are able to give prices for all the one-sided versions as well; we do not need to derive separate formulas for down-and-out calls and up-and-in puts and so on: everything follows from the Fourier transform of the double sided Parisian knock-in call. The concluding numerical examples will show the reader how the various Parisian option types that can be constructed from the double-sided knock-in call behave.
The paper is organized as follows. In the first section we introduce the doublesided Parisian option and the relevant notation. In order to price the contract, we rewrite the pricing problem into the problem en of calculating a probability. In the second section we derive Laplace transforms for the double-sided Parisian stopping time and the value of standard Brownian motion at that stopping time. The third section treats the actual Fourier transform calculation, where some technical details are deferred to the appendix. The next section treats the case where the life of the option has started and we have the come up with a value of a Parisian option that has already spent some time above or below one of its triggering levels. The fifth section discusses the Parisian put contract type, where the seventh section summarizes all the contract types that can be derived from the double-sided knock-in call. In section eight we discuss the Fourier inversion and propose an alternative algorithm. In the last section we treat three numerical examples showing various features of the Parisian option and its Fourier transform. Let (Ω, F, P) be a probability space with filtration {F t } and (W t ) t≥0 be a standard Brownian motion on this filtration. By (S t ) t≥0 we denote the risk-neutral stock price process, given by the classical geometric Brownian motion,
where r and σ are the risk-free interest rate and the volatility respectively. In this setup P is the risk-neutral measure or, equivalently, the pricing measure and not the physical measure. Assuming that there exists a bank-account that pays the riskfree interest rate r in a continuously compounded way, the price of an option with (random) payoff Φ is given by its discounted expectation under the pricing measure. The random time γ L t (S) measures the last time before T that a process S has been equal to L and is given by,
Note that γ L T is not a stopping time. In case the process is a standard Brownian motion, we suppress the W between brackets. Now we define the double sidedParisian stopping time
where the single-sided Parisian stopping time T L± D is given by,
The stopping time T L1−,L2+ D1,D2
(S) is the first time that the process S stays longer than time D 1 below level L 1 or longer than time D 2 above level L 2 . The doublesided Parisian knock-in call is a contract that pays off like a standard call only in the scenarios where the double-sided Parisian stopping time occurs before the time of expiry. The value V DP IC of this double-sided Parisian knock-in call can be computed by,
As in [6] , we can write this expectation as a sum of two probabilities,
where,
where µ stands for the drift of the geometric Brownian motion S. The problem of pricing this double sided Parisian knock-in call is equivalent to computing the probability as given in (5) . The stochastic properties of the stock price process S are entirely determined by the behavior of the underlying Brownian motion, so it is a natural choice to solve the problem in terms of the Brownian motion. If we introduce the process (W t ) t≥0 by,
then we can write S t the stock price at t as S 0 e σWt . The events in terms of S can be rewritten into events in terms ofW like,
In the same manner for i = 1, 2 the levels L i transform into l i resulting in γ Li T (S) = γ li T (W ). A change of measure allows us to compute the probability P r (T ) by,
where we used τ as a shorthand notation for T 1 , the final value of the meander which we denote by n t given by,
As pointed out in [8] n t is independent of the pair (γ t , sgn(W t )) and for every t > 0 we have n t
In order to find equations for the E ± we substitute the two results above into (11) and obtain,
It is now easy to check that (12) is true for λ and −λ and moreover we have that E + and E − are symmetric in λ. Therefore we have two equations from (12) and solving for E + and E + yields,
where we used λ i = λ √ D i for i = 1, 2 to shorten the notation. We can now take the limit of λ ↓ 0 in (14) to compute the probability that a Brownian motion will spend time D 1 below level l 1 before it spends D 2 above level l 2 by the following formula,
Now we have computed the Laplace transforms of the Parisian stopping times for standard Brownian motion, we return in the next section to the original problem of deriving Fourier transforms for the probabilities related to the double-sided Parisian knock-in call option contract.
Calculating the Fourier Transform
We recall that the relevant quantity to compute in order to price Parisian options maturing at time T is the probability P r (T ) given by (5). Here we calculate its Fourier transform φ in the parameter T and actual numbers can be obtained by numerical inversion. As a function of time, the probability P r (T ) is non-decreasing, and in order to assure enough integrability we introduce an exponential damping factor a > 0. We have for φ,
Now we can substitute (7) for P r , use α = a + 1 2 m 2 and split up the event {τ ≤ T } in the parts where the Parisian constraint is fulfilled above the upper level or below the lower level,
Of course φ depends on the value of the strike, the barriers and the times that have to be spent below or above these barriers, so a more precise notation would be
Here we try to keep the notation as simple as possible without being ambiguous. We proceed calculating φ + by using Fubini, the substitution ρ = T − τ and the strong Markov property of Brownian motion to obtain,
E e m(Wρ+w) 1 {Wρ+w>k} w=Wτ dρ Given τ + < τ − , the time τ and the value of the Brownian motion W τ are independent and
The first expectation on the right-hand side in (16) equals E + (ṽ α ) given by (13) , where,ṽ α = 2(α − iv), so it remains to compute the second expectation,
where we integrate over the densities of W ρ and N and change the order of integration with Fubini. Calculation of the inner ρ-integral yields, Here we used the complex continuation of the Laplace tranform of the first hitting time of y by a standard Brownian motion, see [14] for example. Now we plug (18) into (17) and get for k ≤ l 2 ,
In this last equation we recognize the special function Ψ we defined in (9) and by plugging everything back into (16) we finally obtain for φ + ,
For φ − we can setup the same kind of calculation. Again conditional on H τ the independence of the time τ and the value of the Brownian Motion W τ on the set {τ − < τ + } can be used, but now W τ is equally distributed as l 1 − √ D 1 N resulting in the following equation similar to (16),
as in the φ + case, the effort is now in the calculation of the second expectation. Re-using our previous results we can write down immediately for k ≥ l 1 ,
So for φ − we have,
Adding φ − and φ + gives an expression for φ. We remark that the expressions are only valid for
The calculations for the cases φ + for k > l 2 and φ − for k < l 1 are rather involved and therefore deferred to the appendix, giving the following result for φ + ,
and for φ − we get,
where u * 1 and u * 2 are the following constants,
The Fourier transforms we have computed so far are valid in case the stock price process starts in between the two barriers. The next section treats the case in which the stock price process is already above the upper or below the lower barrier for some time, i.e. the stock price process is "already in the excursion".
Already in the excursion
Suppose the stock is already trading above level L 2 for a couple of days and it will only take an extra period of length d for the Parisian to knock in. Denoting the remaining time to expiry by T , the option knocks in if the stock price process S stays above level L 2 longer than this time d. If the stock price process hits level L 2 before time d has gone by, the contract knocks in as soon as the stock spends either time
Now the probability we are interested in becomes for T > d,
We remark that in the first probability on the right-hand side we should add the constraint that T > d, otherwise the Parisian knock-in has not taken place. The reason for leaving this out here, is that we know the value of the Parisian knock-in contract to be zero in case of T < d and we would not invert the Fourier Transform in this situation. We start calculating the Fourier transform φ 1 of the first probability on the right-hand side and after that we will compute φ 2 , the Fourier transform of the second probability on the right-hand side. First, we restate φ 1 into terms of the standard Brownian motion. We want to use the strong Markov property later on, so we have to rewrite the probability and split the Fourier transform into two parts,
The first part φ 1,1 can be computed as follows,
Where we used the same type of arguments as in (18). Now for φ 1,2 we get after conditioning on F T l 2 and multiple applications of Fubini,
The integral on the right-hand side of this equation equals φ 1,1 (v; k−l). In Appendix 1 we compute the expectation on the right-hand side given in (29). Adding the results gives,
where
We still have to compute φ 2 , which we can re-write by conditioning on F T l 2 . We use the complete, rather elaborate, notation for the Parisian stopping time to explain the strong Markov property in more detail,
.
Again by substitution and multiple Fubini we get an equation for φ 2 like (25),
We recognize immediately the first part of φ 1,2 given in (25) in this equation. The integral on the right-hand side is in fact nothing else than the original problem we are solving for different barriers. So finally we have,
For now, we are able to price the double-sided Parisian knock-in call for all combination of initial stock price value, strike and barriers. The next section relates the Fourier transforms computed so far to the double-sided Parisian knock-in put.
The Parisian Put
For the put option, we need in analogy with (5) to calculate the following probability,
≤ T .
In [8] the authors use an alternative type op put-call parity. Here we suggest the approach taken in [5] , i.e. writing the probability as the difference of two probabilities,
where the right-hand side probability is exactly the probability given in (5) and the left-hand side probability can be obtained by taking the limit of (5) for K ↓ 0. So we have to take k → −∞ in equations (20) and (24) resulting in,
Now we have Fourier transforms for double-sided Parisian knock-in options, both put and call, we continue discussing the other types of Parisian contract types we can construct from the double-sided Parisian contract.
Other Types of Parisian Contracts
We have started our calculation of the Fourier transform by decomposing the problem into the parts φ + and φ − , where φ + and φ − treat respectively the cases in which the knock-in takes place above level L 2 and below level L 1 . We construct different types of contracts, like the one-sided Parisian option, by different selections of φ + and φ − in the following way:
-Case 1. φ = φ + +φ − . The double-sided Parisian contract that is paying off when S stays longer than consecutive time D 1 below level L 1 or D 2 above level L 2 . -Case 2a. φ = φ + The Parisian contract that pays off when S stays above level L 2 for a consecutive period of length D 2 , without having been below L 1 for a period D 1 before.
-Case 2b. φ = φ − The Parisian contract that pays off when S stays below level L 1 for a consecutive period of length D 1 , without having been above L 2 for a period D 2 before. -Case 3a. φ = φ + + φ − and l 1 → −∞ or D 1 → ∞. The one-sided Parisian up-and-in call. Taking these limits in the equations for φ give the formulas in [8] , where we remark that we compute transforms of the probabilities needed to calculate the Parisian option value, where the authors of [8] compute transforms of the non discounted payoff. -Case 3b. φ = φ + + φ − and l 2 → ∞ or D 2 → ∞. Analogously to the previous case, this is the one-sided down-and-in call.
We remark that for given levels L 1 , L 2 and periods D 1 , D 2 the double-sided Parisian contract in case 1 is the most expensive contract. The contracts specified in the case 2a and 2b are the cheapest type of Parisian contracts. Less expensive are the onesided Parisian options as described in cases 3a and 3b, where there is only one level for the stock price process that can cause a knock-in of the contract. Even cheaper is the kind of contracts specified in cases 2a and 2b. This type of Parisians do not only have just one stock price level that can cause a knock-in, but it also contains another level for the stock price process that knocks out the contract if the stock price process spends a certain time above or below this level. Note that it is possible to obtain (numerical) values for the one-sided Parisian contract without actually taking the limits as proposed in case 3. For a given time to expiry T the value of the one-sided Parisian down-and-in call can be obtained by inverting the Fourier transform of the double sided Parisian contract for some L 2 and D 2 > T . Similarly we get the value of the one-sided up-and-in by inverting the transform for some L 1 and D 1 > T . We will illustrate these remarks in the section on numerical examples. Figure 1 shows the relations between the double-sided and one-sided Parisian contracts, where we abbreviate the double-sided Parisian in and out call by DPIC and DPOC respectively. The one-sided contracts are either up (PU..) or down (PD..) and either in (P.I.) or out (P.O.) contracts. The same type of scheme could be drawn for the Parisian put contracts. Now we have computed and discussed various types of Parisian contracts, we discuss the Fourier inversion in the next section. Apart from deriving Fourier transforms for the relevant probabilities for the doublesided Parisian option contracts, we are also interested in numerical values for these options. We have to obtain these values by inversion of the Fourier transform for the probabilities we need to construct the contract, where we recall formula (4). In (15) the definition of φ, the Fourier transform of the probability P r (T ) is stated and values for P r (T ) can be obtained by the following standard Fourier inversion formula,
where {φ(v)} denotes the real part of φ(v). We recall that a is the damping factor to assure integrability in (15) and the α we are using in all the derivations is given by α = a − 1 2 m 2 , where m is a constant coming from the Girsanov transformation, implicitly defined in (6) . To arrive at the integral over the positive real line on the right-hand side we refer to [2] , where the key idea is that from P r (T ) with domain of the positive real line a symmetric function f on the whole real line can be constructed by f (t) := P r (|t|). Now it is straightforward to obtain numerical values for P r by discretizing and truncating the integral,
where h is the stepsize, N h the level of truncation and d and t respectively the discretization and the truncation error. Following [2] , we analyse the discretization error d using the Poisson summation formula which assumes an Euler approximation for the integral in (26). In appendix 2 we derive for the discretization error,
In appendix 3 we analyze the truncation error and find,
which is very slowly going to zero. Experiments show that the number of terms needed for a given accuracy is much less than indicated by the bound on t . This suggests that the bound presented in (27) is not strong enough. The next section elaborates on the truncation error bound in order to come up with a better estimate for the accuracy.
Remarks on the Truncation bound
The arctan(·)-term in (27) is very slowly going to zero, resulting in an impractical number of terms we have to compute in the truncated sum of (26) in case we want to obtain a reasonable error of e.g. 1ct. We could try to solve this by using alternative inversion algorithms as Euler summation, which is proposed by [2] , or approximation of the Fourier transform by polynomial-like functions of which the inverse is known as has been done by [3] instead of the standard FFT. Here we introduce a slightly modified version of the Euler summation, the average summation, because it seems to fit better to limiting the properties of the Fourier transform, but it has the same drawback as the other methods, which is that it is not possible to give a reasonable bound for the truncation error, without using heuristics. In [1] the authors conclude that it is often difficult to provide reasonable error bounds and therefore they suggest to use two "good" methods and compare the results for an error estimate. Here we start making a Taylor approximation of the following Fourier transform,
which is the Fourier transform of the probability belonging to the one-sided Parisian down-and-in call where the barrier and the strike are equal to the initial stock price value, we can show that the following holds,
If we plug this into (26), we have a sum that oscillates around its limiting value with a double frequency, the low frequency Dv and the high frequency T v. In order to get rid of the high-frequency oscillation, we propose to average the sum over the last M terms as follows,
and S N is the partial sum of the first N terms. Now, for n large enough, also the partial averaged sums S n,M will oscillate around the limiting value but with a much smaller amplitude. In the following algorithm we use this oscillating behavior to come up with an estimate for the error, because we know that the local maxima and minima are all above respectively below the limit we are interested in. If y is a N -dimensional vector containing the partial averaged sums, i.e. y[k] = S k,M for 0 ≤ k ≤ N , the local extrema are defined by,
for i ∈ {1, .., N − 1}. The inversion algorithm now becomes,
-Choose α and h such that the discretization error is d .
In the section on numerical examples we will give examples using this algorithm where we obtain a given accuracy much quicker than the truncation bound from the appendix suggests. We will also demonstrate that averaging over M terms diminishes the amplitude of the sum drastically compared both to plain summation and Euler summation. As we are now able to get by inversion numerical values from the Fourier transforms we previously calculated, we want to conclude the paper with a section on numerical examples.
Numerical Examples
In this section we illustrate the inversion of the Parisian option prices. The first example considers the inversion algorithm we proposed in the previous section, using the averaged sum. The second example compares the double-sided Parisian option prices with values of the one sided contract types. In the last numerical example we illustrate the typical behavior of Brownian motion by comparing the value of a one sided Parisian down-and-out call with the standard knock-out call.
Throughout the examples we use T = 1, r = 3.5%, σ = 25% and h = 0.2, which for α ≥ 0.65 will give a discretisation error less than 10 −8 .
Averaging the sum
In the section on the inversion of the Fourier transform we showed that a numerical value for the Parisian probability P r can be obtained by approximation of the integral (26). A first approximation consists of a finite sum, which is a discretization of the truncated integral. For the most basic case, the one-sided Parisian downand-in call with strike and barrier equal to the initial stock price we stated that the partial approximating sums are oscillating in the limit, a property we used to propose to take averages of these partial sums to approximate the infinite sum by a finite one and get a better convergence than the truncation error bound in (27) suggests. In this example we use for the one-sided Parisian trigger period D = 10/250 and L = K = S 0 = 100. Figure 2 contains a plot in case we use 1000 up to 3000 terms to compute the absolute difference between the partial sum approximating P r (T ) and its "true" value (a value accurate up to 10 −10 ). The plot gives a clear illustration of the oscillating behavior of all the types of summation. We also directly recognize the 2D frequency in the oscillation. The example shows that the Euler approximation performs better than just plain summation, but worse than the average summation as we proposed in our algorithm in the previous section.
Double-sided vs one-sided Parisian options
In the section where we compare different types of Parisian option contracts we make a comparison between the double-sided Parisian knock-in contract that pays off in case the stock price process spends a period D 1 or D 2 below level L 1 respectively above level L 2 , the one sided Parisian contract that pays off only if the stock price process has spend time D 1 below level L 1 and finally a combined Parisian contract that pays off only if the stock price process spends time D 1 below level L 1 before it has spend D 2 above level L 2 . Here we chose K = L 1 = L 2 = 100, D 1 = 20/250 and we vary D 2 between 0 and T = 1. Figure 3 shows the values for all the contract types. The double-sided Parisian in call is more expensive than the one-sided Parisian down-and-in call, which is again more expensive than the combined contract. The figure the shows the convergence of the double-sided and the combined contract to the value of the one-sided down-and-in call for D 2 → T .
Parisian options vs standard Barrier options
In this example we consider the one-sided Parisian down-and-out call option with barrier L = 90 and equal strike and initial stock price K = S 0 = 100. In figure 4 we show graphs of the Parisian down-and-out call for Parisian trigger periods D ranging from 0 to 80 days and from 0 to 5 minutes. As we expect, the Parisian down-and-out call for D ↓ 0 converges monotonically to the standard down-and-out barrier option value, where for D → ∞ the value shows a monotone convergence to the plain call price. We remark that this kind of bounds are discussed in more detail in [8] . The graph on the right-hand side shows that the Parisian option value already differs 0.5% whenever the trigger period is longer than 1 minute. This is typical for the local behaviour of Brownian motion and explains why the convergence of ordinary Monte-Carlo, binomial tree and finite difference methods is so slow. 
Appendices
9.1 Calculation of φ + for k > l 2 and φ − for k < l 1 .
Here we derive the expressions for values of the strike we did not consider in section 3. First we start with φ + for k > l 2 , where the work is in the calculation of (19), because of the |x|-term in the exponent. It is convenient to introduce the following notation, where we recognise the integral over x within (19). Now we split the first u-integral of (19) into two parts seperated by u * 2 , where u * 2 is given by,
assuring that the lower bound k − ( √ D 2 − l 2 ) of the integral over x is positive for all u ≤ u * 2 and negative for u > u * 2 . We can write for (19), Adding up these results gives,
In order to be able to calculate double-sided Parisian call prices for all strikes, we finally have to calculate φ − for k < l 1 . The strategy is again to split up the u-integral in (21) into two the parts, i.e. u ≤ u Using f (t) = g(t) for t > 0 we have, f (t) = g(t) = δ πt {φ(0)} + 2δ πt ∞ n=1 φ nδ t cos(nδ)
In order to get an estimate for the error, we need to control the last sum term. Suppose we choose δ < 2π, then we have for this error term , 
